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On some results by S. Belkov and I. Korepanov
A. Skopenkov
This note is purely expositional and is a complement to math review MR2730150 to [BK].
I tried to present in a clear way the statement of Theorem 1 and main definition from [BK].
I bear no responsibility for results of [BK].
In [BK] the authors consider purely mathematical problems of finding an invariant of a
3-manifold (Theorem 4; Theorem 2 is a lemma for Theorem 4) and finding certain identities
(Theorem 1 and its matrix version Theorem 3). No physical consequences are presented (this
is worth mentioning because the paper is published in the journal whose title is translated
as ‘Theoretical and mathematical physics’). Main definitions are not clearly presented. 1
A reconstruction of Theorem 1. A Grassmanian algebra (over R or C) is an associative
anticommutative algebra with unity. Let G be a Grassmanian algebra with generators {as}.
Each element of G can be represented as a polynomial of {as} of degree at most 1 over
each as. The Berezin integral corresponding to as is a linear operator Bs : G→ G defined by
Bs(Pas+Q) := P , where P and Q are polynomials (of degree at most 1) of all the generators
except as. Define Bs : G[ζ1, . . . , ζ5]→ G[ζ1, . . . , ζ5] by applying Bs to all the coefficients of a
polynomial of ζ1, . . . , ζ5. Consider Grassmanian algebra having generators {aijk} numbered
by 3-element subsets {i, j, k} ⊂ {1, 2, 3, 4, 5} (and, possibly, other generators). For a 4-
element subset {i, j, k, l} ⊂ {1, 2, 3, 4, 5} define
fijkl :=
∑
{p,q}⊂{i,j,k,l}
(ζp − ζq)apqrapqs ∈ G[ζ1, . . . , ζ5],
where in the summand we take any ordered pair (p, q) corresponding to {p, q} and define
r, s so that {p, q, r, s} = {i, j, k, l} and p, q, r, s is an even permutation of i, j, k, l. Theorem
1 states that
B123(f1234f1235) = B145B245B345(f1245f2345f1345).
A possible reconstruction of definition of f2, f3 and f4 (this definition is required for all
other main results of [BK]). Take a triangulation of a compact 3-manifold. Denote by
N ′0, N
′
2 and N3 the number of interior vertices, of interior 2-simplices and of all 3-simplices,
respectively. Since N ′2 ≤ 2N3, we can take a subset X of the set of boundary 2-simplices
such that #X = 2N3−N
′
2. Let G := C(ζ1, . . . , ζN ′0) be the field of rational functions. Let us
define maps from the diagram
GnN
′
0
f2
→ G2nN3
f3
→ G2nN3
f4
→ GnN
′
0 .
Represent an element of GnN
′
0 as (u1, . . . , uN ′
0
), us ∈ G
n. Take an ordering on the union Y
of X with the set of interior 2-simplices. Represent an element of the left G2nN3 as a vector
~v with components vijk ∈ G
n, {i, j, k} ∈ Y and i < j < k. Define f2 by
[f2(v1, . . . , vN ′
0
)]ijk :=
vi − vj
ζi − ζj
−
vi − vk
ζi − ζk
.
Take an ordering on the set of all 3-simplices. Represent an element of the right G2nN3 as a
vector ~w with components wi,ijkl, wj,ijkl ∈ G
n, {i, j, k, l} is a 3-simplex, i < j < k < l. Define
1It is not written whether we construct an invariant of a pair (M,C) of a 3-manifold and C, or we
construct an invariant of M using C and then prove the independence of C. It is not clear whether it is
constructed a family of invariants depending on n, or only one invariant (whose independence of n is proved).
Definition of f2 in p. 518 is meaningless because ζi are not defined in §3. Presumably in all terms of (5)
except the left CnN
′
0 , C should be changed to the field C(ζ1, . . . , ζN0) of rational functions; it is not clear
whether the left CnN
′
0 should be changed like that.
f3 by
[f3(~v)]p,ijkl :=
{
vijk + vikl − vijl, p = i
vijk
ζi−ζk
ζk−ζj
− vijl
ζi−ζl
ζl−ζj
− vjkl, p = j
.
Given wi,ijkl, wj,ijkl ∈ G
n define wk,ijkl, wl,ijkl ∈ G
n by the system of equations
wi,ijkl + wj,ijkl + wk,ijkl + wl,ijkl = 0, ζiwi,ijkl + ζjwj,ijkl + ζkwk,ijkl + ζlwl,ijkl = 0.
Define f4 by
[f4(~w)]i :=
∑
i is a vertex of 3-simplex (p,q,r,s), p<q<r<s
ε(p, q, r, s)wi,pqrs,
where ε(p, q, r, s) is 1 or −1 according to the orientation of 3-simplex (p, q, r, s) positive or
not. Theorem 2 states that f3 ◦ f2 = 0 and f4 ◦ f3 = 0.
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